Abstract. It is shown that during any sphere eversion there is a point where the total absolute curvature of the immersed sphere is at least 8π. This complements a recent result of Tobias Ekholm [E] who proved that for every ǫ > 0 it is possible to construct a sphere eversion such that the total absolute curvature of the immersed spheres are always less than 8π + ǫ.
Introduction
Let M → R 3 be an immersed surface. Then the total curvature T C(M ) and the total absolute curvature T AC(M ) of M is defined as
where K denotes the Gauss curvature of M induced by the immersion. T. Ekholm showed in a recent paper [E] that for every ǫ > 0 there is a sphere eversion such that the total absolute curvature of the immersed spheres are always less than 8π + ǫ. We complement this with the following result:
Theorem. Let f t : S 2 → R 3 , 0 ≤ t ≤ 1 be a smooth sphere eversion. Then there is a t 0 ∈ [0, 1] such that T AC(f t 0 (S 2 )) ≥ 8π.
The result is the consequence of the following simple observation. Let f : S 2 → R 3 be a smooth immersion in almost general position, that is all self-intersections are transversal except for finitely many points where the surface is self-tangent, and denote its image by M = f (S 2 ). The orientation of M is induced by f . Let N : S 2 → R 3 be the co-orienting normal field on M defined as follows. For x ∈ S 2 denote by B ǫ (x) ⊂ S 2 an ǫ-neighborhood of x ∈ S 2 for some sufficiently small ǫ > 0. Then N (x) is the normal vector to f (B ǫ (x)) at f (x) ∈ M such that if {v 1 , v 2 } are positively oriented tangent vectors at x ∈ S 2 , then {df (v 1 ), df (v 2 ), N (f (x))} are positively oriented in R 3 . Denote by C be the boundary of the convex hull of M and by C + ⊂ C ∩M those points of int(C ∩M ) where the surface is not self tangent (transversal self intersection cannot occur on the convex hull), the Gauss curvature is positive and N coincides with the outer normal of C and similarly by C − ⊂ C ∩M those points of int(C ∩M ) where the surface is not self tangent, the Gauss curvature is positive but N points in the opposite direction as the outer normal of C. Clearly C + and C − are disjoint open sets in M . Since the Gauss curvature of C is zero on int(C − M ) the total curvature of C (that is 4π) is concentrated on the set
Lemma. Let f : S 2 → R 3 be a smooth immersion in almost general position. If the total curvature of C + and C − are equal, that is T C(C + ) = T C(C − ) = 2π, then for the total absolute curvature of M we have T AC(M ) ≥ 8π.
Proof of the Theorem
A smooth sphere eversion is a smooth map
such that for each t ∈ [0, 1] the map f t is an immersion and f 0 : S 2 → S 2 ⊂ R 3 is the standard embedding which preserves orientation and f 1 : S 2 → S 2 ⊂ R 3 is an orientation reversing embedding.
To avoid unnecessary complications it will be convenient to adopt the following definition. The eversion is in almost general position if f t : S 2 → R 3 is an immersion in almost general position for all t ∈ [0, 1]. Since every smooth eversion can be approximated by almost general position smooth eversions we will assume from now on that
is an almost general position smooth eversion.
As before denote by M t = f t (S 2 ) the image of f t and by C t the boundary of the convex hull of M t . Let N t be the co-orienting normal field on M t and define C 
Proof. Since T C(C
it is enough to show that T C(C + t ) and T C(C − t ) are semi-continuous functions of the variable t. The argument is the same in both cases so we will consider the case of T C(C + t ) only. Fix t 0 ∈ [0, 1] and let ǫ > 0. We will show that if t is close enough of t 0 , then
Since we excluded points of self tangency in the definition of C + t 0 the map f −1 is well defined. It is now clear that if δ > 0 is small enough, then
Also, if t is close enough to t 0 we have
and the Gauss map G : M → S 2 are smooth their composition is uniformly continuous, so for every
This implies that the sets G(f t (A t 0 ,δ )) and G(f t 0 (A t 0 ,δ )) are close in the Hausdorff distance (of subsets of S 2 ) so if δ 1 is small enough we have
Combining (1.1), (1.2) and (1.3) we obtain that if t is close enough to t 0 , then
This proves the semi-continuity and the proposition as well.
Proof of the Lemma
Let f : S 2 → R 3 be a smooth immersion with M = f (S 2 ) satisfying the conditions of the Lemma. We follow the same notations so N, C, C + and C − are defined as in the introduction. Define the height function h v :
Since the total absolute curvature is related to the mapping area of the Gauss map of M we have the following integral geometric expression for it.
where µ(h v ) denotes the number of critical points of the height function h v . This formula immediately implies that if every height function has at least four critical points then T AC(M ) ≥ 8π and the conclusion of the Lemma holds.
Therefore we can assume that there is a unit vector v ∈ R 3 such that the height function h v is a Morse function and it has less than four critical points. But then Morse theory tells us [H] that in that case h v has exactly two critical points a maximum and a minimum. Indeed, the Euler characteristic of S 2 can be computed from the indexes of the critical points of h v that is
where the summation is carried over all the critical points of h v and r i denotes the index of the ith critical point. Since h v has to have a minimum and a maximum (with index 0 and 2) the above formula implies that those are the only critical points.
From now on we assume that h v has exactly two critical points P, Q ∈ S 2 , where P is the maximum and Q is the minimum with h v (P ) = b and h v (Q) = a.
If we view the immersed sphere M as the immersion of a sphere which is red on the outside and blue on the inside (as it is the case in most computer-graphics videos about sphere eversions), then for an observer at some distance parts of M will appear red (where the co-orienting normal N points toward the observer) and parts of it will appear blue (where the co-orienting normal N points away from the observer). The next proposition shows that f (P ) and f (Q) must have the same colour. More precisely:
Proposition 2.1. The points f (P ) and f (Q) are both on C + or they are both on C − .
Proof. Clearly the maximum and the minimum must occur on the convex hull and since we assumed that h v was a Morse function with only two critical points f (P ) and f (Q) must belong to C + ∪ C − . Suppose the statement of the proposition is not true, say f (P ) ∈ C + and f (Q) ∈ C − . Let S be a plane orthogonal to v and let γ t be the projection of f (h −1 v (t)) ⊂ M to S in the direction of v, for t ∈ [a, b]. The family γ t for t ∈ (a, b) is a regular homotopy in S. Define the normal field n t along γ t in S to be the projection of the co-orienting normal field N along f (h
The vector field n t is not necessarily a unit vector field but it is never zero for t ∈ (a, b) (since h v has only two critical points P and Q) and it is orthogonal to γ t and varies continuously with t.
The contradiction arises because when t is close enough to b, then γ t is a simple closed curve and n t points outward (this can be seen easily by introducing a Morse chart around P ∈ C + ) but if t is close enough to a , then γ t is again a simple closed curve but n t points inward (since Q ∈ C − ). It is clearly impossible (the two curves would belong to different regular homotopy classes) and the proof of Proposition 2.1 is complete. A similar argument in a slightly different context can be found in [E, section 6] .
We can now assume that f (P ), f (Q) ∈ C + . The case when f (P ), f (Q) ∈ C − can be treated similarly. Denote by ∇h the gradient of h. It is a smooth vector field on S 2 with exactly two zeros at P, Q. For x ∈ S 2 − {P, Q} denote by s x : (−∞, ∞) → S 2 the trajectory of ∇h passing through x, with s x (0) = x. Then the height function is strictly increasing along s x and s x (−∞) = Q and s x (∞) = P .
Let S P ⊂ S 2 be the collection of those points x ∈ S 2 such that N (f (s x (t))), v > 0 for all t ≥ 0 including P as well. Similarly we define S Q ⊂ S 2 to be the set of x ∈ S 2 such that N (f (s x (t))), v < 0 for all t ≤ 0 including Q as well. Denote the immersed images of these sets by M P = f (S P ) and M Q = f (S Q ).
Topologically S P and S Q are disjoint open disks centered around P and Q respectively. We prove this for S P only but the argument is similar for S Q . Since h v is a Morse function the level curve Γ t = h −1 v (t) is a simple closed curve if t ∈ (a, b) is sufficiently close to b (one can easily see this by introducing a Morse chart around P ). For R ∈ Γ t let x R = sup{x ∈ R : N (f (s R (x))), v ≤ 0}. Since every trajectory of ∇h intersects Γ t it is clear from the definition of M P that
where s R (∞) = P . This proves the claim.
Denote by S 2 + = {w ∈ S 2 : w, v > 0} and by S 2 − = {w ∈ S 2 : w, v < 0}. With this notation we have: Proposition 2.2. The degree of the Gauss map G :
Proof. We define the Gauss map on S P and on S Q to be the composition of the immersion and the Gauss map of M .
From the construction of M P and M Q it is clear that the Gauss map maps S P into S 2 + and S Q into S 2 − . It maps the boundary of S P into the boundary of S 2 + therefore it is proper and its degree is well defined. Since v is a regular value covered exactly once we conclude that deg(G : S P → S 2 + ) = 1. This shows that the Gauss map G : S P → S 2 + is onto. Viewing the total curvature as the mapping area of the Gauss image (where multiply covered points are counted with their degree) we have T C(S P ) = deg(G)Area(S 2 + ) = 2π. Since M P is the immersed image of S P we have T C(M P ) = T C(S P ). Applying the same argument to S Q completes the proof.
The last ingredient we need for the proof of the Lemma is the following proposition.
Assuming the validity of Proposition 2.3 we can now conclude the proof of the
We know from Proposition 2.2 and from the fact that S P and S Q are disjoint that T C(M P ∪M Q ) = 4π and this implies that T C(M P ∪M Q ∪C − ) = 6π − d. Since M is an immersed sphere with total curvature 4π we have that
Then from Proposition 2.3 for the total absolute curvature of M we have
This completes the proof of the Lemma and the Theorem as well. The only thing that remains now is to prove Proposition 2.3.
Proof of Proposition 2.3.
and T AC(M Q ) ≥ 2π + 2e. We carry out the proof in the case of M P only because the case of M Q is analogous.
If d = 0 there is nothing to prove so we may assume that T C(
+ be the image of the Gauss map and w ∈ G(M P ∩ C − ) ⊂ S 2 + be a regular value. We will show that w is covered by the Gauss map at least three times. This would yield the desired inequality since the total absolute curvature is the measure of the Gauss image counted with multiplicity , that is
where |G −1 (u)| denotes the number of points in G −1 (u). Since G : M P → S 2 + is onto, the set G(M P ∩ C − ) ⊂ S 2 has measure d and it is covered at least three times therefore T AC(M P ) ≥ 2π + 2d.
It remains now to show that every regular value of G(M P ∩ C − ) is covered at least three times. Recall that in Proposition 2.2 we saw that the Gauss map of G : M P → S 2 + is proper and its degree is one. This means that
where deg x (G) is either +1 or -1 depending whether the Gauss map at x ∈ M P preserves or reverses the orientation. From this it is obvious that if G −1 (w) consists of more than one point, then it has to contain at least three points, that is w is covered at least three times. This reduces the problem to showing that G −1 (w) consists of at least two points.
Let R ∈ M P ∩C − with N (R) = w and set r = f −1 (R). Since R ∈ C − the inverse of f is well defined. Consider the plane through R orthogonal to N (R). This is the supporting plane of C at R and the entire surface M lies on one side of this plane. Since R ∈ C − the outward pointing normal vector of C at R is opposite to N (R) (this is how C − was defined), therefore M lies in the direction of N (R) = w. More precisely h w (x) ≥ h w (r) for all x ∈ S 2 , where h w (x) = w, f (x) denotes the height function in the direction of w.
Let t 0 ∈ S P ∪∂S P be a point where h w assumes its maximum on S P ∪∂S P . First assume that t 0 ∈ ∂S P . Consider the trajectory s t 0 : (0, ∞) → S P of the vector field ∇h introduced earlier. From the definition of s t 0 it is clear that s t 0 (0) = t 0 and df (s ′ t 0 (0)) = v. Since v, w > 0 (w ∈ S 2 + ) the function h w (s t 0 (t)) is strictly increasing near 0 contradicting that h w assumed its maximum on S P ∪ ∂S P at t 0 .
Therefore t 0 ∈ S P , G(t 0 ) = N (f (t 0 )) = w and we are done since t 0 = r (h w cannot be constant on S P ) so G −1 (w) consists of at least two points. This completes the proof of Proposition 2.3
